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A continued fraction 3, (a,(z)/B,(z)) is said to correspond to the power series
Trocp,z™Pand XX | —c_,z7 if series expansions of the following form for the
approximants f{(z) of the continued fraction are valid,

I
Silz)= Y ez =z
p=0
Vk
L)+ ¥ c_zP=de g
p=1
where ., v, » 0 when k — 0. We introduce a special class of continued fractions,
Laurent fractions, and show that the concept of correspondence above induces a
one-to-one mapping between all Laurent fractions and all double sequences
{¢,;n=0, £1, +2,..} of real numbers satisfying the determinant conditions
HG 2 #0, H 2 #0, m=0,1,2... (H {7 are the Hankel determinants associated
with the sequence {c,}.) A subclass, the contractive Laurent fractions, is mapped
onto those double sequences which satisfy the conditions HY,* >0, H,.>") >0,
m=0, 1, 2.... The double sequences, which in addition to HZ™ #0, HS,>") #0 also
satisfy the conditions H{,>"*V#0, H, #"+U£0, m=0,1,2,.., are those
associated with general T-fractions (or M-fractions). © 1988 Academic Press, Inc.

INTRODUCTION

Let {c,:n=0,1,2,..} be a sequence of real numbers. The Hankel deter-
minants H{" are defined for n=0, 1, 2, ... as follows,

Cn Chyr " Chyk
Chnat .
H(()")_—. l, Hl((")= ".+ : for k= 1, 2, 3, ST
Chngh—1 "rreeere Cns2k—2
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When {c,:n=0, +1, +2,..} is a double sequence, the Hankel deter-
minants are defined as above for n=0, +1, +2, ...

With a given (simple) sequence {c,} we associate the formal power series
& ,cez %, and with a given double sequence {c,} we associate the two
formal power series ¥ ,c,z *and ¥, —c_,z~.

A continued fraction

fz ak(z)=°‘1(z) ay(z)  a3(2)
k=1 B(2)  Bi(2)+ Bx(2)+ Bs(2) +
is said to correspond to the series Y ;c,z ¥ at z= oo if formal power

series expansions of the following form are valid (we write f,(z) for the kth
approximant of the continued fraction) for every k:

e
Jlz)= 3 ez P=czm Mt D g
p=0

where u, — oo as k — co. The continued fraction is said to correspond to

the series 3 2°_, ¢,z ¥ at z =00 and to the series 3, —c_,z* at z=0 if
formal power series expansions of the following form are valid,

I
fld) = X er = g
p=0

Vi
Sde)+ Y egzmme Dt
p=1
where y, — 0, v, — o0 as k — 0.
A modified regular C-fraction is a continued fraction of the form

e i R e a,#0 for k=1,2,...

l+z+1+2z+

It is called a modified Stieltjes fraction if a, >0 for k=1,2, ...
A J-fraction is a continued fraction of the form

£1Z 82 g3 .
z+h—z+hy,—z+hy—

.-, g #0 for k=1,2,...
It is called a real J-fraction if g, >0 for k=1,2, ...
By a general T-fraction we mean a continued fraction of the form

F,z F,z Fyz _
14+Giz+1+Gz+ 14 G324+

oy F,#0,G,#0fork=1,2, ...

It is called a positive T-fraction it F, >0, G, >0for k=1,2, ...
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For more details on these concepts see, €.g., [5].

It is well known that the concept of correspondence at z= oo induces
a one-to-one mapping between all modified regular C-fractions and all
(simple) sequences {c,} satisfying the condition

H® 0, HD#£0, for £k=0,1,2,...

The modified Stieltjes fractions are mapped onto the sequences where
H®>0and (-1)*H» >0.

More generally this concept of correspondence induces a one-to-one
mapping between all J-fractions and all (simple) sequences satisfying the
condition

HO#0 for k=0,1,2,...

The real J-fractions are mapped onto the sequences where H{® > 0. A real
J-fraction is the even part of a modified regular C-fraction iff also H{" 0
in the corresponding sequence and of a modified Stieltjes fraction iff also
H{M > 0. (For the concept of the even part of a continued fraction see, e.g.,
[5, p. 38-41].)

For more details on these correspondence results see, e.g.,, [1, 5, 12].

More recently it has become known that the concept of correspondence
at z=o00 and at z=0 induces a one-to-one mapping between all general
T-fractions and all double sequences {c,} satisfying the condition
H{ 2™ £0, Hy 2 #£0, H 2+ D50, H 2+ D20 form=0,1,2,... The
positive T-fractions are mapped onto the sequences where HY, ™ >0,
H{ 2" >0, H, 2+ V>0, H;™m*D <0,

Correspondence results for general T-fractions can also be formulated in

terms of the closely related M-fractions

F, F,z Fyz
1+Giz4+14+Goz+14+Gyz 4

introduced in [7,8]. For these correspondence results at z= oo and at
z=0see [4,5,6,7,8].

In this paper we show that the concept of correspondence at z = cc and
at z=0 more generally induces a one-to-one mapping between a class of
continued fractions called Laurent fractions (for definition see Section 1)
and all double sequences {c,} satisfying the condition

H ™ #£0, HS™#£0  for m=0,1,2,...

2m+1

A special class of Laurent fractions called contractive Laurent fractions (for
definition see Section 1) is mapped onto the class of those sequences where
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H{, > >0, H,, ™ >0. A contractive Laurent fraction is then equivalent
with a general T-fraction iff also H{,?>"*V 30, H7*"*D#0 in the
corresponding double sequence, and with a positive T-fraction iff also
H{ M+ >0, H >+ <0. (For the concept of equivalence of continued
fractions see, e.g., [5, p.31].) The general T-fractions where H{, ™ >0,
H{ 2 >0, H >+ D£0, H >"*VY#0 are the APT-fractions (charac-
terized by F,,,_ | F5, >0, F,,,_G,,,_>0) studied in [2].

The contractive Laurent fractions are connected with orthogonal
Laurent polynomials (see [3, 9]). The relationship is as follows. Let R,(z)
be the monic orthogonal Laurent polynomials determined by the
functional &, where &(X¢_,rz')=3¢_,ric;, Let B,z) be the
denominators of the Laurent fraction corresponding to the series
20cpz 2 —c_,zP. Then R, (z)= B,(z) for every non-singular
index n,. When n, + 1 is singular and n, + 1 =2m, then R,,(z) =k - zB,(z).
When n, + 1 is singular and n, + 1 =2m + 1, then R,,, , (z) =k'-z 'B.(z).
(These results follows from recursion formulas in [9].)

Orthogonal Laurent polynomials can be used to solve the strong Ham-
burger moment problem (see [3,9]). In a forthcoming paper it will be
shown that the problem also can be solved by the use of contractive
Laurent fractions (see [10]). It has earlier been shown that the problem
can be solved by APT-fractions in the nonsingular case (see [2]).

The idea of generalizing M-fractions or general T-fractions to obtain
results on the strong Hamburger moment problem has also been utilized
in [117].

For definitions and basic properties concerning continued fractions we
refer to [5].

1. LAURENT FRACTIONS

Let S be a subsequence of the sequence N=1{0,1,2,3,..} of non-
negative integers, with the property that no two consecutive elements of N
belong to S. We shall call the elements of S singular indices, and the
elements of N — S non-singular indices. We shall denote by T the set of all
triples of consecutive non-singular indices (i.e., triples of non-singular
indices where there are no non-singular indices in between).

We define for every non-singular index »n an ordered pair
(a,, b,) = (a,(z), b,(z)) (where z is an arbitrary index n an ordered number
different from zero) in the following way:

L,. For every non-singular index » there is given a real number
v, #0, and vy=1.
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Ly. For every non-singular index n there is given a real number ¢,
where ¢,=0, ¢, #0 for n#0.

Lyy. For every singular index » there is a given real number w,,.

The complex numbers a,, b, are given as follows:

Ll' dyy = 9oms b2m = Doy + (I/UZm—I)Z’ When (zma 2m - 1’

2m—-2)eT.

L.. dyn = Gom2, Do = Vo, + (U5, 1)z, when (2m, 2m — 1,
2Zm—-3)eT.

L3' Aom =Gom> b2m= (UZm/v2m~2)Z—l + Wam_ 1y +Z: When (Zm, 2m""2;
2m—4)eT.

Ly @m=9omz  byy=0sm/Vsn_ 2}z '+ Wy, +2 when (2m,
2m—2,2m-3)eT.

Ls. @oms1=2ms 1> Dams1=(1/02,) 27 + 05,4, When 2m+1, 2m,
2m—1)eT.

Lo. @ms1=Goms12" "5 bomy1=(1/03,) 2 '+ 0y, ,, when 2m+1,
2m, 2m—2)eT.

Lyo @mir = Qamsts Domys = 27 +Wap + (U204 1 /V2m_1) 2, When
Cm+1,2m—1,2m—-3)eT.

L. @1 =12 Y Bomy1=2 "+ Wap+ (Vzmy 1/V2m_ () z, When
2m+1,2m—1,2m~2)eT.

{We consider n= —1 as a non-singular index in these formulas).

Let {n,:k=0,1,2,..} =N—S be the sequence of non-singular indices.
We shall write o, = a,(z) = a,,(2), B =fe(2)=b,(z) for k=1,2,3,... We
note that o, #0 for every k. Therefore {(«,, f,):k=1,2 ..} is the sequence
of elements of a continued fraction KZ_, («,(2)/B,(z)). A continued fraction
obtained in this way is called a Laurent fraction. We shall call a Laurent
fraction non-singular if all indices are non-singular.

Let 4,(z) and B,(z) denote the numerator and denominator of the kth
approximant f,(z) of this continued fraction. Then A4,(z) and B,(z) satisfy
the following recursion formulas:

Ak=ﬂkAk_1+akAk_2 fOI' k=1, 2, eeny A_1=1,A0=0, (l 1)
B,=PB.B._,+uB, , for k=1,2,..,B_,=0,By=1.

We note that 4, =¢q,, B, =z '+v,if n;=1 (in view of Ls and R), while
A =¢qyz, By=vz7 ' +w+zif n,=2 (in view of L, and R).
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THEOREM 1. The functions A, and B, are of the form

m

Ak(z) Z aZm,iZi’
i=—-(m=-1)
m .
Bi(z)= Z bom.i2's bomm =1 O, ="3n, when n,=2m,

i=-—m

m
Ap(z)= Z Aot 1,2

i=—m
m

— i — _
Bk(z)_ Z b2m+l.i2’ b2m+1.~(m+l)_'1’ b2m+l,m’_02m+]’
i=—~(m+1)

when n,=2m+ 1.

Proof. The result follows by induction from L,-L; and R. |

We note that we may write A,(z) =11, _,(z)/z" ", Bi(z)=II,,(z)/z"
when n,=2m, A,(z)=1,,(z)/z", Bz)=M,,, (z)/z"*" when n,=
2m+ 1. Here 11, is a polynomial of degree at most equal to r.

A Laurent fraction shall be called contractive (because of mapping
properties of the associated linear fractional transformations) when the
following extra conditions are satisfied:

Co. 0,1 0,.,<0 when # is singular,

Ci. Gom Vs Vom_1>0 when 2m, 2m—1,2m—2)eT,
Cy. Gom 03, <0 when (2m, 2m—1,2m—3)eT,
Cs. gom<0 when (2m, 2m —2,2m —4)e T,
C,. Gom U2n<0 when (2m, 2m—2,2m—3)e T,
Cs. Gomst1 Vsmsi U2m>0  when (2m+1,2m,2m—1)eT,
Cs. Gomsi Voms1 <0 when 2m+1,2m,2m—2)e T,
Ci. Gani1 <0 when 2m+1,2m—1,2m—3)eT,
Cs. Goms1 Vo1 <0 when 2m+1,2m—1,2m—-2)eT.

2. CONNECTION WITH GENERAL T-FRACTIONS

By a general T-fraction we shall here mean an continued fraction

, where F,#0,G,#0,k=1,2,3, ... (2.1)
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(Note that in [4, 5] the condition G # 0 is not included in the definition of
a general T-fraction.)
By an APT-fraction we mean a general T-fraction where

Fyp1Fyp>0,  Fyp 1Gyp >0, m=12, ... (2.2)

THEOREM 2. There is a one-to-one correspondence between non-singular
Laurent fractions and equivalent general T-fractions, given by the formulas

Vo —2

F2m=q2m v ’ F2m+1=q2m+la
2m
) (2.3)
sz='——v " > Gt t =V Vom i1
2m " V2m—1
or inversely
_ FZm _F
q2m_G G ’ q2m+l“ 2m+ 1
2m—1%Y2m
: (2.4)
UZ'":—G G’ Voms1=G1 Gy
LGy

The contractive non-singular Laurent fractions correspond exactly to the
APT-fractions.

Proof. Let D,(z) and E,(z) be the numerators and denominators of the
general T-fraction K*_,(F,-z)/(1 + G,-z). Then D,(z) and E,(z) satisfy the

n=1

recursion formulas

D (2)=(1+G,z)D,_(z2)+ F,zD,_5,(z), n=12.,D_,=1,D,=0,
E(2)=(14+G,2)E,_,(z)+ F,zE, _,(z), n=1,.,E_,=0, E;=1.
(2.5)

We obtain a non-singular Laurent fraction K=_, (a,(z)/b,(z)) by defining
a,(z) and b,(z) through (24), L,, and L;. We observe that the func-
tions A,,,(z) = V3mz "Dn(2), Byul2) =032 " Ep(2), Agppy (2)=2z""+D
Dy 1(2), By (2)=2z""*DE, . (z) satisfy the recursion formulas
(1.1). Hence A,(z) and B,(z) are numerators and denominators of
KZ_ (a(z)/b,(z)). Obviously A4,(z)/B,(z)=D,(z)/E,(z), and consequently
the two continued fractions are equivalent. Conversely for a given non-
singular Laurent fraction an equivalent general 7-fraction can be obtained
by defining F, and G, by (2.3). Clearly the correspondence is one-to-one.



126 OLAV NJASTAD
From (2.3) is obtained

Fop 1Gom— 1 = GomVsm—1V2m— 2,
2
q2m

Fom 1 Fom = Qo Vo — U2y g + ———,
D2mV2mV2m — 1

and conversely from (2.4) is obtained

q2m+lu2m+lv2m=F2m+lGZM+l’

1
F2m—lGZm~lG%m'

QomVoamVom -1 =F2m~lF2m :

It follows that conditions C, and C; are satisfied for all m if and only if
condition (2.2) is satisfied for all m. There are no non-singular indices in
this situation, so C, is always satisfied. |

3. LAURENT SERIES CORRESPONDING
TO GIVEN LAURENT FRACTIONS

We shall define correspondence between a Laurent fraction
K-, (2(2)/Bi(z)) and two series, namely with the series 3°°_, ¢,z 7 at
infinity and with the series >, —c_,z” at the origin. Equxvalently
we shall talk of correspondence with a formal Laurent series
(Eyocoz P+ XX, —c_,z”). Formal Laurent series are called simply
Laurent series in the following. We denote the coefficients of z” for
p=1,2,.. by —c_, in order to get conditions that are easily stated in
terms of Hankel determinants.

We say that the Laurent fraction K;°_, (a(z)/B«(z)) corresponds to
the Laurent series 3 oc,z 7+2 7, —c_,z” if (for every k) formal

P
power series expansions of the following forms are valid (we write f,(z) for

A(z)/B(2)),

S2)+[e_jz+ -~ +CA‘,ka"]=cz"k+1+ .
fk(z)—[co+6'12_l+ +C#kZA“"]=cz‘(“"+l)+ —

where v, —; _ o 00, Uy 4 o OO-

LemMA 1. For every k the product a,---o, ., has the following form
(where c denotes constants different from zero):
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Oy Oy =C when n,=2m, n,, ,=2m+1, (3.1)
Oy Oy, =C2 when n,=2m, n,,,=2m+2, (3.2)
K- U =C when n,=2m+1, n,,,=2m+2, (3.3)

1

Oy o Uy =C2~ when n,=2m+1, n,,,=2m+3. (3.4)

Proof. We note that o, =¢q, if n,=1, a,=¢,z if n; =2. Assume that
o, -0, has the form stated for & <h By combining this assumption
with the various forms of «,, , according to L,—Lg, we obtain the desired
form of «, ---a,,,. So the result follows. ]

THEOREM 3. The Laurent fraction K., (a(z)/B(2)) corresponds to a
unique Laurent series 3 >_,c,z P +3 > —c_,z”. For each k the following
Sformulas hold (where ¢ denotes constants different from zero).
fi@)+ ez -+ y,27"]

. when n,=2m, (3.5)
fl@)+le iz -+ gzt

:Cz2m+1+ -

=czm 24 .. when n,=2m, n, =2m+2, (3.6)

Se@)+[e_yz+ - +C~(2m+1)zzm+1]

=cz?t 4 ..., when n,=2m+1, 3.7
fil2)=[eo+ -+ + a2 "]

=cz ¥4 ..., when n, =2m, (3.8)
S@)=[eo+ -+ +comz™ "]

=cz7+ D4 ... when n,=2m+1, (39)
Sd2)=Leo+ -+ + oy iz "]

=cz7 @M+ i) when ng=2m+1,n,,=2m+3. (3.10)

Proof. We write A(z) for the expression A, , ((2)/B; . 1(z) — A (z)/B(2).
The well-known determinant formula for continued fractions (see, e.g.,
[5]) gives

a(z) - oy (2)

A= B @

(3.11)

Taking into account the form of B,(z) given in Theorem 1 and the results
of Lemma 1, we obtain
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A(z)y=cz*"* '+ ..., when n,=2m,n,,,=2m+1,
A(z)=cz" 24 ..., when n,=2m,n,, ,=2m+2,
when n,=2m+1,n,, ,=2m+2, and
when n,=2m+1,n, ,=2m+3,

Az)=cz7+ ..., when n,=2m,n,, =2m+1,and
when n,=2m,n,, ,=2m+2,

Az)=cz=®*Vy ..., when n,=2m+1,n,,,=2m+2,

A(z)=cz "+ ..., when n,=2m+1l,n., =2m+3

We define ¢, and —c, as the coefficients of the appropriate power series
expansions for A,(z)/B.(z) for sufficiently large k. Then the formulas of
Theorem 3, and hence the desired correspondence, follow. The uniqueness
of the correesponding series is immediate. |]

4. HANKEL DETERMINANTS OF
THE COORESPONDING LAURENT SERIES

We shall develop conditions for a Laurent series to correspond to a
Laurent fraction. In this section we assume that the fraction
K% | (2«(2)/Bi(z)) corresponds to the series 3 qc,z 7 +3 >, —c_,z%
Let notations be as before. We write =, for the product (— l)kal(z) ock(z)
and note that n, #0 for k=1, 2, .... We recall that b,,, _,,#0, b5, 1., #0
(by Theorem 1). We shall in the following simplify the notations for the
Hankel determinants H{” (see Introduction) and write HZ? for H(». We
shall have occasion to use repeatedly the Jacobi identity

(HPY —HP='HP* '+ HPZVHP =0 (4.1)

(see, e.g., [5]).
For reference we list a few special cases:

(Herfi"'l+l))2" (2m+2)H 2m1+H (2m+2)H 2m_0 (42)
(H—(Zm——l))Z H, 2mH (2m 2)+H2m+l (Zm 2=, (4.3)
(H 2m\2 H-(2m+l)H—(2m71)+H—(2m+1)H—(im—l)=0 (4'4)
(H32 ) = Hy 3 DH 2D + Hy Gy DH =D =0 (45)

PrOPOSITION 1. Let n, = 2m, n,,, = 2m+ 1. Then H;Pm*V =
M1 Hy HyZ0i = =t 1 /(o - bam o 1.m)) Hp™ 1.
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Proof. The determinants formula (3.11) implies that A4,(z)/B.(z)=
A+ 1(2)/By 4 ((2) + i, 1 /(Bi(2) By, 1(z)), hence by Theorem 3 we obtain

A2)= —BD)c_iz+ - +C_@ma 2" A ey 2" 4, (46)

A(z) = B(z)[co+ --- +szz_2m]+7"k+1b2m+1,mz_m+ R (4.7)

where 7, ., by (3.1) (Lemma 1) is a constant.
Comparison of coefficients for z=™ 1, . z™ in (4.6) gives

C—1b2m,Am = _a2m,—(m—l)a
: : (4.8)
C—2mb2m,-m + -+ C—1b2m,m—1 - _a2m,m
Similarly comparison of coefficients for z=" =", ., z in (4.7) gives
Cobam, —m—1yt - FCam—11=0opm _(m_1s
Lo (49)
CO . 1 = azm’m.
Addition of these equations gives
c—2mb2m,—m+"'+co'1 =0a
: b : (4.10)

C_1bom —m + o+ Copy_y1=0.

Comparison of coefficients for z™*! in (4.6) and for z =™ in (4.7) gives

C_@minybom —m+ ot l=my, (4.11)
Cobam, —mt e + o 1= = A (4.12)
2m+1,m

Straightforward calculation, applying Cramer’s rule to (4.10), and using
(4.11) gives

C_@m+1y 70 €
H = '
c 1 Com—1
2m+1 € —2m Co
= Y (=1)e ;
j=1
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2m+1 C_zm P CO .o c’l
= Z C_j
i=1
€1 " Coumy 0t Cop
2m+1

— —2m
= Y ¢ HL " brmmii;

i=1
-2 _ —2
=H," [¢_gomeybom mt+ - e 1]=m H M

Similarly by applying Cramer’s rule to (4.10) and using (4.12) we obtain

—2m

C .. CO
—2m  __
H2m+1_
Co Com
2m C—2m CO
=3 (=it
j=0
c_, Com—1
m C_@am-1) C_om Co
== ¢
j=0
CO e Cvl e c2m-1
2m C;
— J —@2m—1
- Z b bsz‘mHZm )
j=0 2m, —m
— 1 H—(Zm-—l)[ b 1
= 2m Cobom, —m+ - + 2 1]
2m, —m
k1 —2m—-1
_TTeer goem-n

b2m, 7mb2m+ 1L,m

ProPoSITION 2. Let n, =2m, n,,,=2m+ 2. Then H;M™ =

—1py-2 —(2m+2) _ -1 -
“Tfk2+1z Hzmm’szyf+m1+ V= —((mp 442 )/(b2m,7m'b2m+2,~(m+l))) Hzmzm,
—Q2m+1) — —2m+2)F—2m . F-2m+2)J—2m [-Cm+1)py—2m—1
szf_;’"l‘*‘z) - 0’ 112'"(+ml+ )HZMTl - HZmr; )H2m ’ H2nf+m2+ )H2m2m ) =

(H{mrl) .
Proof. From (3.11) and Theorem 3 we obtain
zm+2

A(z)= —B(z)[c_jc+ - +C—(2m+2)22m+2]+(7Tk+12_1)

Brms2, —(m+1)
(4.13)
A2)=B(2)[co+ -+ +Coamyrz P H (27N 2T 0, (414)

where 7, , ,z"! is a constant by (3.2) (Lemma 1).
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Comparison of coefficients for z==1, ., z"*! in (4.13) and (4.14) and
addition gives

............................ (4.15)
C,lbzm,_m-f- e +C2m~1'1=0’

while comparison of coefficients for z”*?2 in (4.13) and for z ™™ in (4.14)
gives

-1
Tk 412

cf(2m+2)b2m,-m+ et 1= s (4.16)

b2m+2,—(m+l)

COme,—m+ e +sz‘1= —nk+12_1. (4.17)

By applying Cramer’s rule to the system (4.15) with the first row removed
and using (4.17) we obtain in the same way as in the proof of Proposition 1
the equality H;>", = —(n, .,z ') H;?" Similarly by applying Cramer’s
rule to (4.15) with the last row removed and using (4.16) we obtain
H3 2+ D = — (R4 127 ") (Bom, —m - D2 42, —(m+ 1)) Hy2™. Since (4.15) has
a nontrivial solution we immediately conclude that H;?"+1 =0. Finally
the equalities H;"DHZ, = Hyp@y Dz, Hy e VHy (m1) =

(H5*,)? follow from (4.2) and (4.5). |

PrOPOSITION 3. Let n, =2m—1, n,,, =2m. Then H;*" 1V =
—(m—2 —2m __ _ _
M 1 Hym 0D, B3 = (=M 1 /(Do — 1o 102m, —m)) H3 1.

Proof. From (3.11) and Theorem 3 we obtain

Az)= —Bul2)(c_ 12+ - + ¢y 2] +5’f-k—“—z"'+ e, (418)
2m, —m

Ak(2)=Bk(Z)[Co+ +sz,12_(2m‘l)]+nk+lz_"'+ Y (4.19)

where 7, is a constant by (3.3) (Lemma 1).
Comparison of coefficients for z=~1, ., z"~! in (4.18) and (4.19) and
addition give

C_am_n 1+ -+ cobryy 1 m_1 =0,
: : (4.20)
el + o HCm2bym 11 =0

Similarly comparison of coefficients for z” in (4.18) and for z7™ in (4.19)
give
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n
C—2m'1+"'+c—l'b2m,m—1= e 4 (421)
2m, —m
CO'I+ "'+CZmAl’b2m,mAl=nk+1' (422)

By applying (4.20) and (4.22) as in the proof of Proposition 1 we get
H;Xm=Y=gq,  H;?"=2 while similarly applying (4.20) and (4.21) we
getH m=(— nk+l/(b2m—l,m71b2m,—m))Hz_m(z—mlAl)' |

PropPOSITION 4. n, =2m — 1, n,,, =2m+ 1. Then H» =
(4 12) H,! (2'" 2, H, (2m 2)_((”k+|z)/(bzm Lm—1"D2mst.m)) Hyp (Zm b,
H (2m ) 0 H 2mH (2m 2) Hz 2m1H2 (2m 2)’ H (2m+l)H (2m 1) —
(Ham). T )

Proof. From (3.11) and Theorem 3 we obtain

A(z2)= —B(z)[c_yz+ --- +C-(2m+1)zzm+1]+(7[k+12) Z"+ .., (4.23)
Ad2) = B@)Cot - + oz ] it pmlmen (4.24)
b2m+lm

where 7, , ,z is a constant by (3.4).
Comparison of coefficients for z 7, .., z" ! in (4.23) and (4.24) and
addition gives
C_am-1y 1+ -+ cobam_1m—1 =0,
: : ' (4.25)
o1 + -t Combam—tm—1=0,

while comparison of coefficients for z ™ * ! in (4.24) and for z™ in (4.23)
gives

T +12

cl.1+ "'+c2mb2m—l,m~l= N (426)

b2m+1,m

Coom- It ot by 11 =Ty 2 (4.27)

By applying (4.25) and (4.27) as in the proof of Proposition 3 we obtain

2 = (mg . 12) H;*"~2. Similarly by applying (4.25) and (4.26) we
obtam H3 2D = (e 1 2)/ (Bom— 1.m— 1O2m - 1,m)) Hap2™~ V. Also  from
(4.25) be get the equality H5, (2"~ U =0. The equalities H S2mp - (2m=2) =

H3;¥m H;(?m=2 and Hj, ‘2'"+”H -(2m=1 = (H;2m)? follow from (4 3) and

44). 1
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THEOREM 4. Let the Laurent fraction K, (o.(2)/Bi(z)) correspond to

the Laurent series 3. c,z "+3 7. —c_,z". Then the following
statements hold:
A. im0, H;, #0 for all m=0,1,2,.

B. H ‘2"' Y #£0 if and only if 2m is non- smgular, H;Cr+V+£0 if and
only if 2m+ 1 is non-singular.

C. Ifn,=2m then

: C_om ¢, z
B.(z)= T : G
2m m
Co Com-1 Z
if n,=2m+1 then
~(m+1
1 C_@am+1y 0 €y Z m+ D
Bk(z)=F"T R
2m+1 m
Co L ch zZ

Proof. A and B. We note that fi(z)=¢q,/(z"'+v,) if n,=1,
f1(2)=(g22)/(v,z" ' +w+2z) if n,=2 (see Sectionl). It follows by
Theorem 3 that ¢, # 0 and thus H} #0. Similarly ¢ _, #0 and thus H;'#0
ifn, =1, while ¢, =0, c,#0and hence H;'=0, H;2#0, H;'#0ifn, = 2.

Now we assume that the statement on the Hankel determinants are true
for all k <h, where n,=2m or n,=2m—1.

(i) Let n,=2m, n,,,=2m+1. Then by assumption H;>"#0
and H;®"-D£0. It follows from Proposition 1 that H,? H;EO
Hy 2 2.0,

(i) Let n,=2m, n,,,=2m+2. Then by assumption H,?"#0
and H;®" D#£0. It foliows from Proposition2 that H;2 +1¢0,
H; (2”‘“’—0 H5,3m+2 (0, hence H; D #£0 and H;, P+t #£0.

2m+1 m + 2
(ii) Let n,=2m—1, n,,,=2m. Then by assumption H; *"~V
#0 and H;?"~2#0. It follows from Proposition 3 that H;®m~D %0,
Hy 2" #0.
(iv) Let n,=2m—1, n,,,=2m+ 1. Then by assumption H; "~
#0 and H,;?"~2#0. It follows from Proposition 4 that H "0,
H;m- l)—0 H A2m=2) 0, hence H;;27, #0 and H,,32m+D#£0.

2m + 1

The statements of A and B now follow by induction.

C. Expansion of the determinants after the last column and com-
parison with (4.10), (4.15), (4.20), and (4.25) give the form of B.(z). |

640/55/2-2
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5. THE LAURENT FRACTION EXPRESSED
IN TERMS OF THE CORRESPONDING SERIES

Also in this section we assume that the fraction K°., (xx(2)/B(2))
corresponds to the series > > ¢,z " +3 ., —c_,z”. Our next task is to
express the elements of the continued fraction in terms of the coefficients of
the series.

From the form of B,(z) given in Theorem 4 (or directly from Egs. (4.10),
(4.15), (4.20), and (4.25)) we find the following expressions for b,, _,,,

b2m.2m—1’ b2m+l,ma b2m+l.-m:

H(m-1 M2m
2m 2m
b2m,7m= 5 b2m,m-1= “om?
H2m H2m
(5.1)
H—(2m+l) N—(2m+1)
1 2m+ 1
b2m+1,m= - ;}nj—zm > b2m+l.7m: - I;"j2m
2m+ 1 2m+ 1
where
Coom ** € Ceo@m+n "0 €
: : c e C
—2m __ . . —2m+1) _ —(2m—1) 1
N PR o R N c )
-2 " tam-3 . .
Co  Coam— Co o Com

THEOREM 5. Let K-, (a4(2)/Bil(2)) correspond to 3> oc,z7"+

o0

>y —c_,z". Then the coefficients q, in a,(z) be expressed as follows:

H—-(Zm—Z)H—(Zm-—l)
_ 2m—2 2m . 3
Gom= — T Gm D=5 in case L, (5.3)
HZm-ml HerS——ml

—2m-1)y—-(2m—4)
Hy, >~ DH3

D2m= ~ g-m-Dpg—@m-2) in case L, 54)
2m—1 2m—2
H—(2m~2)H—(2m—4)
— 2m—1 2m—4 . 55)
Dom= — T m in case L;, (5.
H;, 2~ PH;

—2m-2)g—-(2m—4
__H2rr5—ml )H2m—m3 )

Qom =T =3 in case L, (5.6)
H;,%m )HZm(—mz )
H—(2m+1)HW(2mA2)
. 2m+ 1t 2m—1 : 7)
Pomi1= — Sy P — in case L, (5.
HmeHZM( " )
H—(2m+l)H-(2m—2) .
Zmt ! 2m —2 in case L, (5.8)

2m+1= TIm - m—2)
H;™H;

m— 1
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—~2mpy—(2m—4
HmeHZIrf—MB !

q = — in case L4 59

et H3; = PH %m =2 ' (59
H3mH 22

= — = in case Lg. 5.10

9am+1 H{,,fz_'"l_ 2)H2—m(2_m1‘ 1) 8 ( )

Proof. In the cases L,~Lg the coefficient ¢, can be written as

(1) Gom = —Ths1/Te> (2) Qom = =Ty /20, (3) Gom = —Tpi (/s
B gom= =2 "My 1 /T (5) damsr = —Thy1/Tks (6)‘12m+1=nk+1/27175k,
(M) Gome1 = T 1/T, (8) Gamsr = —27iy /i (Here ng,, = 2m,

Ry .1 =2m + 1, respectively). Substitution for =, , ,, 7, by those expressions
in the appropriate propositions in Section 4 that to not contain coefficients
of B, lead to the desired formulas. ||

THEOREM 6. The expressions v,,,, vy, Occurring in the elements f,(z)
are given by

—(2m -1 —(2m+1
_H2m i ) __ H2m(+ml )
Uzm—_———_zm s va+l“ _-——-—ZM - (511)
H2m H2m+1

Proof. This follows immediately from Theorem 1 and formulas B. |

THEOREM 7. The expressions w,,,, W,,, | occurring in the elements B,(z)
are given by
—2 —(2m—2)
w _M2mm_M2m—m2
2m—17 gy —(2m—2
Hym Hy 22
-2 —(2m—2 ~2m -2y —(2m—3
W _Mzmm_Mzm(f'z ) Hy P VH )
2m—17 gr 3 —(2m—2 —2m-2)py—-(2m—3
Hym HpPrym» Hp2rm PH,

—(2m+1 —(2m~1)
N o ) N2mfml

incase Ly (5.12)

in case L, (5.13)

2m+1 .
Wop = — —t e in case L, (5.14)
HZm’-ir-'l HZnE—ml )
ND@m+1)  N-Qm—1) H2m = (m—3) _
Woy, = — —2mtl 2m—1 am___2m o2 in case Lg. (5.15)

—2 —(2m—2 —{(2m -2 —(2m—1)
H2mT] Hzrr}—ml ) H2n$‘m1 )HZnSAml

Proof. (Case L;). Comparison of coefficients for z”~! in the
recursion  formula  B,,(2) = ((03m/V2m—2) 27 4 Wom 1 +2) Bopy_ o{2) +
GomBom 4(2) gives w,,,  =bs,,, 1 —bsn_sm_2, and the result follows
from (5.1).

(Case L,). Comparison of coefficients for z”~! in the recursion
formula B2m(z) = ((U2m/02m — 2) z—l + Wom—1 + Z) BZm— 2(2) + quZBZM- 3(2)
gives Wy, 1 =b00m 1= bom 2 m 2~ GonD o —3.m— 2> a0d the result follows
from (5.1) and (5.6) (Theorem 5).
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(Case L,). Comparison of coefficients for z =™ in the recursion for-

U}UIa Bom e 1(2)= (27 + Wap + (Va4 1/92m - 1)2) Bap— ((2) + Qa4 1 Bom _ 3(2)
gives Wy, =by s 1 —bon 1. _(m_1), and the result follows from (5.1).

(Case Lg). Comparison of coefficients for z =" in the recursion formula
B.2m+ 1(2) = (27 W+ (Va4 1/V2m—1)2) B 1(2) + Gams 127 'Boy _5(2)
BiVeS Wap =03 vy _ = b2m—1, —(m— 1)~ G2m+1D2m -2, _(m— 1), and the result
follows from (5.1) and (5.10) (Theorem 5). ||

6. LAURENT FRACTIONS CORRESPONDING
TO GIVEN LAURENT SERIES

We have shown that to evcry Laurent fraction there corresponds a uni-
que Laurent series 3%, ¢,z 7+ 37 »27, and this series satisfies the
conditions H, 2’"#0 H2m " #0, m= 0 1 2 . A series which satisfies
these condmons is called definite. We shall now show that to every definite
Laurent series there corresponds a Laurent fraction.

THEOREM 8. Let a definite Laurent series 3.°_oc,z *+3¥ > | —c_,z7F
be given. Then there exists a unique Laurent fraction K (¢,(z)/B(2))
corresponding to the series. An index 2m is singular iff H;,(*"~V =0, and an
index 2m+ 1 is singular iff H;,*"+"=0. The elements o,(z), Bi(z) of the
Jraction are fiven by the formulas of Theorems 5-7.

Proof. The uniqueness of the Laurent fraction corresponding to a given
Laurent series follows from Theorem 5-7.

We define elements o, (z), f.(z) by the formulas of Theorems 5-7. The
Laurent fraction K°_, («,(z)/B(z)) obtained in this way corresponds to a
series > 7,2 7 +2 7., —y_,z’. Then the elements a,(z), B.(z) are
given by the formulas of Theorems 5-7, where the Hankel determinants are
constructed from the sequence {y,: p=0, £1, £2, ..}. It is readily verified
that the system of Hankel determinants H;,2", H;,?",, H;, 2™+, H; (m—1
determines uniquely the sequence {c,: p=0, £1, £2,.. .} from whlch it is
constructed. Hence y,=c¢,, p=0, 1, £2, .., and the result follows. [

7. CORRESPONDENCE BETWEEN CONTRACTIVE LAURENT FRACTIONS
AND PosITIVE DEFINITE LAURENT SERIES

We shall call the sequence {c,: p=0, +1, +2,..} positive definite if
H;2>0, H;,™ >0forall m=0,1,2, ...
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THEOREM 9. Let the Laurent fraction K, (2,(2)/B«(2)) correspond
to the Laurent series 3% oc,z *+3x., —c_,z". Then the fraction is
contractive if and only if the sequence {c,: p=0, £1, +2,..} is positive
definite.

Proof. Assume that the sequence {c,,: p=0,+1, +2,..} is positive
definite. If 2m is singular then (H;2")*= —H; "+ VH; @~ by (4.4),
hence H3; 2"+ VH 2"~ <0 and SO Uy, _ 1 * Vo, <0. Similarly if 2m+ 1
is singular then (H;X")’= —H;*"*VH, -1 by (4.5), hence
H;2m+ D 2m=D <, and SO 0y, Vy,42<0. Thus C, is satisfied.

Furthermore the following relations are seen to hold (in the cases L,~Ls):

—2m—1)\2 J—(2m—2)
_(HRPm DY H

92mV2mV2m—1 = —(2m— 2 —2 >01 (71)
(H3, 5~ V) Hy,™
—@m—1)\2 - 2m—4
GomVam = — (HZm( i )) H2m(—”3 ) <0 (72)
2m¥2m = —(2m—2)f—(2m—2) fJ -2 > :
Han—vml )Hlm(—mz )H2mm
—Cm—-2)—(2m—4
q _ __H2m(—ml )HZns—m4 )<0 (7 3)
2m ™ —(2m—2)fJ—(2m—4 s :
H3, 2 DHo 2
Hy 2 PHy, 2
9omVom— 2= —(Cm—2)\2 >0, (74)
(Hy 2 ?)
hence ¢,,,v5,, <0,
—(2m+1))2 —(2m—2
q v v __(H2m(+ml )) HZm(-—ml )>0 (75)
2m+1Y2m+1Y2m — —2m\2 2 s .
(Hme HZMTI
—(2 1))2 —(2m—2
q v _ _(H2n§+m1+ )) HZ»S—MZ )<0 (76)
2m+1Y2m+ 1 — —2 —(2m -2 ) s .
H3 mHo 2~ PHE
—2mpy—(2m—4
Goms1 = — oz s L (17)
m+1= —(2m —2) [y —(2m —2 > :
H 2 DH G )
HynHy
Q2m+1vzm—1=——;}:mm_T,z—>0, (7.8)
( 2m—1 )

hence T2m+1V2m+1 < 0.

Thus also the conditions C,—Cj are satisfied, and the Laurent fraction is
contractive.

Next assume that the Laurent fraction is contractive. We note that
H}>0, that H>0 if n,=1, and that H9>0, H3>0 if n,=2. Let k
be given, and assume that H9>O0,.. H;,?"% >0, H; " 2>0 if
ne_y=2m—2, and that H3>0, .., H;,*% >0, H;®~-2>0 if n,_,=
2m—1.
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(') Letm,=2m, n,_,=2m—1, n,_,=2m—2. Then by (7.1) and
the assumption we get H;,>" > 0.

(2') Let ny=2m, n,_=2m—1, n,_,=2m—23. Then by (7.2) and
the assumption we get H,,>" > 0.

(3) Letng=2m, n,_, =2m—2, n,_, =2m—4. Then by (7.3)
and the assumption we get H,?" 2 < 0. From (4.5) it follows
that H,0Cm YH;Pm-D <0, since H; %" Y = 0. This together
with (Hy, 25 VHy, 2= D)/(H3, 2" DH;3,™) = 03 V32 < 0 and the
assumption implies that H,,>" > 0.

(4') Letn,=2m, n,_,=2m—2, n,_,=2m—3. Then by (7.4) and
the assumption we get H,,*"~2'>0. As under (3') we conclude that
H;2m>0.

(5') Let ny=2m+1, n,_,=2m, n,_,;=2m~—1. Then by (7.5) and

the assumption we get H;,2", > 0.

(6') Let n,=2m+1, n,_,=2m, n,_,=2m—2. Then by (7.6) and

the assumption we get H;27 > 0.

(7) Let ny, =2m+1, n,_, =2m—1, n,_, = 2m—3. Then by
(7.7) and the assumption we get H,>" > 0. From (4.4) it follows

that H;Cm*VDH,Cm-1D > 0, since H;®"~D =0. This together
with (3, % DH; Cry= D)/(Ho, 2 H3 27 2) = 0341 - 02,1 < Oand the
assumption implies that H;2" >0.

(8') Let n,=2m+1, n,_,=2m—1, n,_,=2m—2. Then by (7.8)
and the assumption we get H,?”>0. As under (7') we conclude that
H;m >0.

2m+1

It now follows by induction that the sequence is positive definite. |

8. MAIN RESULT
Our main results can be collected in the following theorem.

MaiN THEOREM. Correspondence as defined in Section 3 introduces a
one-to-one mapping between all Laurent fractions and all definite Laurent
series. The contractive Laurent fractions are mapped exactly onto all positive
definite Laurent series.

REFERENCES
1. N. I. AKHIEZER, “The Classical Moment Problem,” Hafner, New York, 1955.

2. W. B. Jongs, O. NJAsTAD, AND W. J. THRON, Continued fractions and the strong
Hamburger moment problem, Proc. London Math. Soc. (3) 48 (1983), 363-384.



LAURENT CONTINUED FRACTIONS 139

. W. B. Jongs, O. NsistaD, AND W. J. THRON, Orthogonal Laurent Polynomials and the
strong Hamburger moment problem, J. Math. Anal. Appl. 98 (1984), 528-554.

. 'W. B. Jongs AND W. J. THRON, Two-point Padé tables and T-fractions, Bull. Amer. Math.
Soc. 83 (1977), 388-390.

. W. B. JoNes AND W. J. THroN, “Continued Fractions: Analytic Theory and
Applications,” Addison-Wesley, Reading, MA, 1980.

6. W. B. Jongs, W. J. THRON, AND H. WAADELAND, A strong Stieltjes moment problem,
Trans. Amer. Math. Soc. 261 (1980), 503-528.

. J. H. McCasE, A formal extension of the Padé table to include two point Padé quotients,
J. Inst. Math. Appl. 15 (1975), 363-372.

. J. H. McCaBE AND J. A. MURPHY, Continued fractions which correspond to power series
expansions at two points, J. Inst. Math. Appl. 17 (1976), 233--247.

. O. NJAsTAD AND W. J. THRON, The theory of sequences of orthogonal L-polynomials, in
“Padé Approximants and Continued Fractions” (Haakon Waadeland and Hans Wallin,
Eds.), No. 1, pp. 54-91, Det Kongelige Norske Videnskabers Selskrab,'Skrifter, 1983.

10. O. NJASTAD, Solution of the strong Hamburger moment problem by continued fractions,
Applied Numerical Mathematics 4 (1988), 351-360.

. A. SR1 RaNGA, J-fractions and the strong moment problems, in “Analytic Theory of
Continued Fractions,” Proceedings (W. J. Thron, Ed.), Pitlochry, Scotland, 1985; Lecture
Notes in Mathematics, No. 1199, Springer-Verlag, Berlin/New York, 1986.

. H. S. WALL, “Analytic Theory of Continued Fractions,” Van Nostrand, New York, 1948.



